ON THE RANK OF ABELIAN VARIETIES 
OVER FUNCTION FIELDS 
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Abstract. Let C be a smooth projective curve defined over a number field k, 
A/k(C) an abelian variety and (t, B) the fc(C)/fc-trace of A. We estimate how 
the rank of A(k(C)) /rB(k) varies when we take a finite geometrically abelian 
cover 7r : C — ► C defined over k. 



1. Introduction 

Let C be a smooth projective irreducible curve defined over a number field k with 
function field K :— k(C). Let A/K be a non isotrivial abelian variety of dimension 
d and <j) : ,4 — > C a proper flat morphism defined over k from a smooth projective 
irreducible variety A also defined over k whose generic fiber is A/K. Thus, all 
smooth fibers of <f> will also be abelian varieties. Let (r, B) be the iC/fc-trace of A. 
A theorem due to Lang and Neron states that A(K)/rB{k) and A(k(C))/TB(k) 
are finitely generated abelian groups. Let g be the genus of C, $a the conductor 
divisor of A on C and /a its degree. 

Ogg gave a upper bound for the rank of the latter group in the geometric case 
(cf. [3 VI, p. 19] and also [T31 Theorem 2]), i.e., 



(1.1) rankf^SA 
1 ' V rB(k) J 



< 2d(2g - 2) + f A + 4 dim^) . 



In particular, this is also an upper bound for the rank of A(K)/rB(k). 
In the case where A = E is an elliptic curve, (|l.ll) reduces to 

(1.2) twk{E(k{C))) < 4g - 4 + f E , 

which is a result due to Shioda [231 Corollary 2]. 

We consider a finite cover n : C — > C defined over k which is geometrically 
abelian with geometric automorphism group Q := Aut^C /C). Let <?' be the genus 
of C, K' := k(C) and A' := A Xk K' . Let Ja> be the degree of the conductor 
$A' of A 1 . Note that since the extension K 1 /K is geometric, the K' / k-tia.ee of A' 
equals the K/k-tr&ce of A. By Ijl.ljl we have the following upper bound for the 
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rank of A(K')/rB(k) : 

rank ( ^) < rank (^01) 
\rB{k)) ~ \ rB(k) J 



(1.3) 



rank ( ^jS^ < 2d ( 2 9 ~ 2 ) + U' + 4dim(B). 



Our goal in this paper is to give an upper bound for the rank of A(K')/TB(k). 
This upper bound improves l|1.3|l in the case where A is a Jacobian variety and tt 
is unramified. The latter upper bound is an extension of Silverman's result |25l 
Theorem 13] obtained in the context of elliptic curves. In order to state our main 
result, as well as his, we need to recall Tate's conjecture for divisors on smooth 
projective algebraic varieties X defined over number fields k. 

Let I be a perfect field and 7 an algebraic closure of I. For a smooth projective 
irreducible algebraic variety X defined over I we denote by H t (X) its i-th etale 
cohomology group H\ t (X XjZ, Qi). 

Let Ok be the ring of integers of k and p a prime ideal of Ok- Let Frobp £ Gk 
be a Frobenius automorphism corresponding to p and ip C Gk the inertia group of 
p (well defined up to conjugation). Define the L- function 



L 2 (X/k, s) = J[ det(l - Frobp q p s | H 2 {X)^ )" 1 
p 



Let Pic(A') be the Picard group of X, Pic°{X) the sub group of divisors algebraically 
equivalent to zero, NS(A') = Pic(A')/Pic (A') the Neron-Severi group of X and 
NS(X/k) the subgroup of divisor classes of NS(Af) which are defined over k. The 
group NS(A') is finitely generated, hence the same holds for NS(Af/fc). 

Conjecture 1.1. (Tate's conjecture, Conjecture 2]) L 2 (X /k, s) has a pole at 
s = 2 of order rank(NS(Af/fc)). 

Remark 1.2. (1) This is a special case of Tate's conjecture which concerns 
algebraic varieties and algebraic cycles. 
(2) We do not need to use the hypothesis of the existence of a meromorphic con- 
tinuation of Lz(X/k, s) to 5i(s) = 2 interpreting the sentence ll Li(X jk,s) 
has a pole of order t in s — 2" meaning 

lim (s - 2)%(A7fc,s) = a + 0. 

S(s)>2,s^2 

Moreover, if f(s) is a holomorphic function in 5R(s) > A and lim s _»A(s — 
^)/( s ) = a ^ 0, we will call a the residue of the function f(s) in s = X and 
we will write Res s= x(/(s)) = a. 

The Galois group Gk '■= Gal(fc/fc) acts naturally on Q. Let Oc k (G) be the set 
of Gfc-orbits of Q with respect to this action. 

Let A C C be the discriminant locus of (j>, i.e., the set of y £ C such that the 
fiber </> -1 (j/) = A y is not smooth. Let U := C — A be the smooth locus of <f> and 
/ m := (\r x {JA). Then <p induces a proper smooth morphism <fi sm : A snl — > U whose 
fibers are abelian varieties. Let T a := J? 1 (^ sm ) ! Q^ and T h := i? 2 (0 sm )i(Q£. These are 
smooth etale sheaves on hi of pure weights 1 and 2, respectively. Let fj be a geometric 
generic point of U and 7ti(U,fj) the algebraic fundamental group of W with respect 
to rj. The stalks (^a)rj- and (J'b)ri of JFq and at 77 are respectively isomorphic to 
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H 1 ^) and H 2 (A). We denote by p a : ni(U,fj) -> GL((J r a ) ?7 ) and p b : tti(U,TJ) -> 
GL{{Tb)rf) the monodromy representations associated to T ai respectively Tb- Let 
A':=Ax c C. 

Theorem 1.3. Suppose Tate's conjecture is true for A'/ k and that the monodromy 
representations p a and pb are irreducible. Then 

^(^)^<<<* + .><V->>> 

Remark 1.4. We will see in Remark 15. II that when A is a Jacobian variety then 
(|1.4|) can be improved to 

(1-5) rank (^j) < *^M 2d{2g ' _ 2) + ^ { g )f ^ 

Moreover, the hypothesis that pb is irreducible is not necessary in this case. 

Remark 1.5. If A is an elliptic curve, then p a is automatically irreducible 0] 
Lemme 3.5.5]. 

The following corollary is then a consequence of Theorem 11.31 and Remarks 11.41 
and 1 1.51 

Corollary 1.6. Suppose that A is an elliptic curve and Tate's conjecture is true 
forA'/k. Then 

(1.6) rank^A")) < ^g^W - 4) + #D Gfc (S)/ A . 

Remark 1.7. We need the hypothesis that both p a and pb are irreducible in 
order to improve the trivial bound on the absolute values of the average traces of 
Frobenius (cf. Remark 13.11 and Section 3). There are proper flat morphisms ip : 
X — > C of relative dimension 1, where A" is a smooth projective irreducible surface, 
whose monodromy representations p a are irreducible (cf. \7\ and |111 Theoreme 2.3 
and 2.4]). So, if (j) : A — ► C is the associated Jacobian fibration, i.e., a proper flat 
morphism whose generic fiber is the Jacobian variety of the generic fiber of tjj, then 
the same holds for the monodromy representation denoted also by p a associated to 
0. 

This improvement of the trivial bound as well as the use of the quite general 
Theorem 12.11 are the main points in generalizing Silverman's result |251 Theorem 
13] to the context of abelian varieties. 

Remark 1.8. One might naturally ask whether this theorem is true for covers 
which are geometrically Galois. For a more detailed discussion why we cannot 
expect to do so under the method used in this paper to estimate the rank of the 
abelian variety see Remark 14.41 

It will be shown in Proposition ^ . 7l that Ja' < #QIa and that equality holds when 
7r is unramified. In this circumstance we rewrite 1)1 .4|) . (|1.5I) and i|1.6fl respectively 
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as 

(1.7) raDk (^|) ^ #£) |g g) (^(2rf+l)(2g / -2)+2d/^) i 

(1.8) rank (^g) < ^g^(2 rf (2«/ - 2) + /x ,) and 

(1.9) rank(A(A-0) < (V ~ 4 + AO- 

Observe that (|1.9fl is Silverman's result 25 ; , Theorem 13]. 

In the case where tt is unramihed and A is a Jacobian variety, as it happens in 
the case of elliptic curves, the new bound 1|1.8[) improves the geometric bound l|1.3fl . 
if the action of Gk on Q is non trivial. Observe that 1)1. 4f) does not improve (|1.3|) 
in general for an abelian variety (even if Gk acts non trivially on Q). 

Next we consider the problem of the variation of the rank of A{K')/rB{k) along 
towers of function fields over K. More precisely, we treat the following situation: 
C is an elliptic curve without complex multiplication, C' = C and n = [n] : C — ► C 
is the multiplication by n map. In this case, Q = C[n] is the subgroup of n-torsion 
points of C. Denote C n := C/[n] and K n := k{C n ). The rank of A(K n )/rB(k) as 
n > 1 varies grows slower than the geometric bound (cf. Theorem 16 .2(1 . This result 
is the exact analogue in the current situation of |25l Theorem 16]. The reason 
why we consider this situation is that Serre's open image theorem |16l Theoreme 
3'] implies that the action of Gk on Q is highly non trivial as n grows. See also 
Theorem 16.51 for a discussion of the same problem in the case where C has genus 
at least 2 and where C is the pull-back of C under the multiplication by n map 
[n] : Jc — > Jc m the Jacobian variety Jq of C. In this case, Q — Jc[n] (the n-torsion 
subgroup of Jc). 

In § 2 we describe the connection between Tate's conjecture and a conjecture re- 
lated to the generalized analytic Nagao's conjecture. In § 3 we use local monodromy 
representations to give an upper bound for the absolute values of the average traces 
of Frobenius in terms of the degree of the conductor of A. In § 4 we analyze how 
these upper bounds vary when we extend the base C by a finite geometrically abelian 
cover C' — > C defined over k. In §5 we prove Theorem II .31 In §6 we give applica- 
tions of Theorem ll.3l to the rank of abelian varieties along towers of function fields 
over number fields. 

2. Tate's conjecture and a conjecture related to 
the generalized nagao's conjecture 

Given a prime ideal p of Ok and a smooth projective irreducible algebraic variety 
Z defined over k, we will denote by Z p its reduction modulo p. 

Let tp : X — > y be a proper flat morphism of relative dimension d of smooth pro- 
jective connected algebraic varieties X and y defined as well as tp over k. Suppose 
that the generic fiber of ip is geometrically irreducible. Denote m := dim(^). 

Let S be a finite set of prime ideals of Ok (which will be enlarged as needed). 
First we assume that for every p ^ S, X v (resp. y p ) is a smooth projective connected 
variety over the residue field F p of p of cardinality q v . 

For each y G 3^ p (F p ), let X v , y := ipp 1 ^) be the fiber of t/jp at y. Let F p be the 
topological generator of Gal(F p /F p ). Denote also by F p its induced automorphism 
onH^X^y). 
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For every y € y P (V p ), let a p (X p , y ) := Tr(F p \ H l (X PlV )) (respectively b p (X PiV ) := 
Tr{F p | H 2 (X p ^ y ))). The average traces of Frobenius are defined by 



%pi x ) '■= ~^ a p( X P<y)> respectively <8 P (X) := ^ b p (X p<y ). 

Let X/k(y) be the generic fiber of ip, Px its Picard variety and (tx,Qx) the 
fcQO/fc-trace oiP x /k(y). Let a p (Q x ) := Tr(Frob p \H 1 {Qx) 1 *)- By base change 
(cf. 52] or Appendix C]) this number equals Tr(F p \ H 1 (Qx, P ))- The reduced 
average trace of Frobenius is defined by 

%{X) :=%{X)-a v {Q x ). 

Theorem 2.1. 6, Theoreme 1.2] Tate's Coniecture \l.l\ for X Ik andy/k implies 
Conjecture M an : 



Res lj2~%(X) 



* J s = 2 [its «s 



= rank f PX n ( m "l + rank(NS(Fx/fc(^))). 



In the particular case where the relative dimension d of tj) is equal to 1, the 
Conjecture M an reduces to the generalized analytic Nagao conjecture H3 Remarque 
1.4] 



Resfe- 21 ^)- 
\pts 



In the hypothesis of Theorem 1 1.31 Tate's conjecture is trivially true for the curve 
C/k. So, we need only to assume its truth for A'/k. 



3. Estimates of average sums 

Remark 3.1. Let A p be the discriminant locus of the reduction <j) p : A p — » C p of <fi 
modulo p for p £ S. Let U p := C p — A p be the smooth locus of <p p . Note that after 
enlarging S, if necessary, we may assume that A p is obtained from A by reducing 
modulo p. 

It follows from Weil's theorem that for every y £ U p (¥ p ) all eigenvalues of F p 
acting on H 1 (A p , y ) (respectively H 2 (A p , y )) have absolute value y/q^ (respectively 
q p ), thus a p (A Pi y) = 0(^/q p ~) (respectively b p (A PlV ) = 0(q p )). For y G A p (F p ) it 
is a result due to Deligne 0] Theoreme 3.3.1] that all the eigenvalues of F p acting 
on iJ 1 (^4 Pi2/ ) (respectively H 2 (A PyV )) have absolute value at most ^/q^ (respectively 
q p ). So once again a p (X PiV ) — O(^fq^) (respectively b p (X PtV ) = 0(q p )). As a 
consequence, we have the trivial bound 2lp(-4) = 0(^/q^) (respectively S S P (A) = 
0(q p )). Our goal in this paragraph is to use local monodromy representations to 
improve these estimates. The bounds obtained improve even the ones coming from 
Deligne's equidistribution theorem (cf. 0] Theoreme 3.5.3] or (3.6.3)]) which 
already improved the trivial bound (cf. Remark l3~^|) . 
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The map <f)p restricts to a smooth proper morphism 0™ : Ap m — > Up defined 
over F p . Let £ be a prime number different from the characteristic of F p . Let 
•7"a,t) : = R 1 (4>p m )<Qe an d J~b.p ■= R 2 (4>p m )]Qe. be smooth etale sheaves on Up of pure 
weights 1 and 2, respectively. Let rj p be the geometric generic point of Up, A p 
the generic fiber of <f) p . As a consequence of proper base change |121 VI, Corollary 
2-7], (Pah = H H A ) = Hl (Ap) = (Fa,p)r h (resp. {F b ) w - H 2 (A) S H 2 (A p ) - 
(Fb,p)rj p )- The diagram 

7ri(W,T7) — GL((^ a ) 77 ) 



7ri(Wp,r?p) Pa,P > GLdTa^rj) 

can be completed with a vertical downward arrow in the right hand side by using 
the former proper base change isomorphism. In this sense, we view p a ,p as the 
reduction of p a modulo p. The same applies to p b and Pb,p- 

Hypothesis. We assume throughout this section that the representations p a and 
Pb are irreducible. 

Consequently, by construction, p a _ p and p b>p are also irreducible. 
Let 

%*™(A):=j- Yl a p (A p , y ) and % s ™(A):=j- £ b p (A p>y ). 

Observe that if y € Up(¥ p ) then y is identified with the map y : Spec(F p ) — > W p 
which induces a homomorphism 7Ti(Spec(F p )) = Gf p — > 7Ti(W p ,?7 p ) and the image 
by this map of Fp is well defined up to conjugacy. The corresponding conjugacy 
class is denoted by F PiV . Note also that y*^F a ,p — H 1 (Ap tV ) and y*F b> p — H 2 (Ap tV ). 
Let Tr(F p ,J^ a , p ) := Tr(p Q , p {F p , y )) and Tr(F p<y \F bjP ) := Tr(p b , p (F p ^)). It is 
tautologous that Tr(p a , p (F Piy )) = Tr(.Fp |y*.F Q) p) = ap(-Ap>S/) and Tr^p^Fp^)) = 
Tr(F p \ y*Fb,p) = b p (A PlV ). In particular, 

q P % m (A)= £ MFp,y\F a , p ) andq p ^(A) = ]T Tr(F p , y \ T b , p ). 
yeu p (¥ p ) yeu p (¥ p ) 

Recall that A/K is non-isotrivial, hence U ^ C. Moreover, for every p ^ S 
the discriminant locus A p = C p — U p of p is equal to the reduction modulo p 
of the discriminant locus A = C — U of <f>. Thus, Up £ Cp. As a consequence 
H®(Up Xf p F p ,.Fo,p) = and H°(Up Xf„ Fp,^^) = 0. Furthermore, since p a ,p and 
Pb, P are irreducible, it follows that ni(U p ,rj p ) has no coinvariants, consenquently, 
H l{Up x Fp Fp,^" 0) p) = and H 2 (U P x ¥p F p ,F biP ) = 0. Now, by Grothendieck- 
Lefschetz formula |121 VI, Theorem 13.4], 

Y MFp,y | F a ,p) = - Tr(F p | H l c {U p x Fp F P) T a ,p)) and 

(3i) 

£ Tr(F P!j/ | JP fe;P ) = - Tr(F p | H]{Up x Fp F p ,T b)P )). 
yau p (F p ) 

The Tate twists .F aiP (l/2) and J-b, p (l) of J- a , p and ^-b jP are lisse etale sheaves 
of pure weight on U p . Hence, by 4, Theoreme 3.3.1], the sheaves H^.(U P Xf p 
Fp>-? r a,p(l/2)) and H\{Up Xf p F p ,.Fb iP (l)) are lisse etale sheaves of mixed weight 
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at most 1 over Spec(F p ). Denote by H*(U P x Fp F p , .F„,p(l/2)) wt ^ , respectively 
Hl{U v x Fp F p ,.F b , p (l)) w ^ , the part of H l c (U p x Fp F p ,^ Q , p (l/2))), respectively 
Hl(U v x Fp F p ,.F bjP (l))), of weight at most 0. By l|3.1|l and Deligne's theorem 0] 
Theoreme 3.3.1], 



(3.2) 



£ Tr(F p , y \F a , p (l/2)) 
y6W P (Fp) 

< 0(1) +codim(iT c l (W P x Fp F p ,^ a , p (l/2)) wt ^ )^, 



(3.3) 



Tr(F p ,,|^ p (l)) 

yew P (Fp) 

<0(1) 



codim^ 1 ^ x Fp F p ,^ b , p (l)) 



wt<0- 



Since, for every y e W p (F p ) we have T^Fp^, :F Q p (1/2)) = {1/ ■ s /qp)a p (A p , y ) and 
Tr(F PiV , ^^(1)) = (l/g p )6 p (^ Pi j,), the latter inequalities are equivalent to 

(3.4) 

(3.5) 



|2l s p m 



(-4)1 < 0(1/v/5p) + coding (W P x Fp F p , F a , p (l/2)) w ^°) and 
(A)\ < 0(1) + codim(i/ c 1 (W p x Fp F p ,F b , p (l)) wt ^°)V^. 



Observe that 



%(A) =2l s p m 



1 

9p 



Similarly, *B P (A) 



Xl" 1 (A) 



a p (A p , y )=% s p m (A) + 0(^). 

yeA„(F p ) 

O(l). So, in order to estimate the absolute values 



of QL P (A) and %$ P (A) it suffices to compute the previous codimensions. These 
codimensions are expressed in terms of the multiplicities of the conductor of an 
abelian variety X over a function field which we now recall. 

Let 2 be a smooth projective curve defined over a perfect field I of characteristic 
p > 0, C = 1(2) its function field and X an abelian variety defined over C. Let I ^ p 
be a prime number, X[l] the subgroup of ^-torsion points of X, Ti(X) the £-adic 
Tate module of X and Vi(X) — Te(X) ®% e Qe. Let C s be a separable closure of C. 
For every z € 2 denote by I z C Gal(£ s / '£) the inertia subgroup corresponding to 
z (which is well defined up to conjugation). 

Definition 3.2. The multiplicity of the conductor fix of X at z S 2 is equal to a 
sum of two numbers, the tame multiplicity e z and the wild multiplicity 5 Z of fix in 
z. The first number is defined as e z := codim(V^(X) /z ), where V^(X) /j: denotes the 
subspace of Vi(X) which is fixed by the action of I z . Let N(X) Z be the Neron model 
of X over Spec(O z ) and denote by Af(X)° the connected component of the special 
fiber M(X) Z of N(X) Z . Let n z be the residue field of z and k z its algebraic closure. 
Then J\f(X)® x Kz k 2 is an extension of an abelian variety Y z by a linear algebraic 
group L z both defined over k z . Let a z :— dim(Y z ). The linear algebraic group L z 
decomposes as L z = - x G" 2 -^ , where and G a ,« z denote respectively the 

multiplicative and additive group scheme of k z . The non- negative integers a z , t z 
and u z are called the abelian, reductive and unipotent ranks oiN(X)° z , respectively. 
Then e 2 = 2u z + t z . Recall that dim(X) — a z + t z + u z . 

The second number is defined as follows. Let I z /k z be a finite Galois extension 
such that Gi z := G&\(l z /l z ) acts trivially on X[i]. Let G z := G&\(I z /k z ), so X[l] 
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can be regarded as a G z -module. Let P z be the projective Z^[G z ]-module whose 
character is the Swan character of G z . Then 5 Z := dim^ (Hom Zi [ G ^(P z , X[£])) (cf. 
(141 §1]). This is a non-negative integer and is in fact independent from the choice 
oil z . 

Let £(X[£]) be the finite extension of C defined by adjoining the coordinates of 
the ^-torsion points of X . It follows from |22l Remark (2), p. 480] that 5 Z = for 
every z £ Z if and only if the extension £(X[£})/£ is tamely ramified. 

Remark 3.3. After adjoining possibly finitely many prime ideals p to S, we may 
assume that the conductor $a p of A p is the reduction of the conductor $a of A 
modulo p. In particular, both conductors have the same degree. Moreover, since 
char(if) = 0, there will be no contribution of the wild part of the conductor of $a p 
for every p ^ S. 

In another direction, observe that C p has the same genus as C for any p ^ S, 
after eventually extending S even further. 

Lemma 3.4. 

codim^Wp x Fp Fp,^ a ,p(l/2)) wt ^°) =2d(2 3 -2)+ ]T e y and 

yeA p 

codim(Hl(U p x Fp Fp,^p(l)) wt ^°) < d(2d- l)(2<7-2) + (2d - 1) ]T e y . 

yeA p 

Proof. First note that by Poincare's duality and the fact that (U p x Fp F p , T a , P ) = 
and H*(U P x Fp ¥ Pi F hjf ) = wc obtain H9 t (U p x ¥p F p ,F a , p ) = and Hg(U p x ¥p 
^p,3~b,p) = 0. The injection j p :U p ^C p 8 2.0.7] induces an exact sequence 

"> (FaAl/2)v P Y y - Hl{U p X Fp F p ,^ ,p(l/2)) 
yeA p 

-> Hl t {C p x Fp Fp, 0p)^ a ,p(l/2)) -» 0. 

Since the last term is a sheaf of pure weight 1 over Spec(F p ) [3| Theorem 3.3.1], we 
conclude that 

Hl{U p x Fp Fp,^ a ,p(l/2)r^° - (^,(1/2)^. 

yeA p 

In a similar vein, 

H\{U P x Fp Fp,^p(l)) w ^° = {T h , p {\)^. 

yeA p 

Since (F a ,p)rj p — H X (A), then for every y € A p we have dim(J 7 Q ,p(l/2)i !/ ) = 
2d - e„. Moreover, dim^Wp <g> Fp W p , F a>p (l/2))) = - X c{U P x Fp Fp, .F ,p(l/2)) = 
— rank(^ r aj p(l/2))xc(^p x Fp F p ) = 2d(2g — 2 + sa), where Xc denotes the Euler- 
Poincare characteristic with respect to the cohomology with compact support, since 
for p (f. S there is no contribution from the Swan conductor of T a . p (cf. Remark 
lOl . Thus 

codim(ff c 1 (W p x Fp Fp,^ a ,p(l/2)) wt ^°) = 2d{2g - 2) + £ (2d) - £ {2d - e y ) 

= 2d(2 5 -2)+ e v 
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Note that (.Fb.p)^,, = H' 2 {A) S H l (A). For every y e A p we have /\ 2 (fl" 1 (A) J ») 
C (A 2 ^ 1 ^))^- Hence, dim^^l)^) > (2d - e y )(2d - e y - l)/2. Furthermore 
there is no contribution from the Swan conductor of JFt,p. Thus, dim(.ff* (Wp x Fp 



F p> ^ iP (l))) = -xc(^ p x Fp F p ,^,p(l)) - - 
l)(2g - 2 + s A ). Therefore, 

codimCff^Wp x Fp F p ,^ b , p (l)) wt ^°) 



rank(J r b !P (l))x c (W p Xj 



d(2d 



< d(2d- 


l)(2y-2)- 


f E <2d- 1) - 


- £ (d-e,/2)(2d- £y -l 










< d(2d- 


l)(2<?-2)- 


f (2d -1/2) E 


£ . y - (1/2) E 4 








yeAp 


< d(2d- 


l)(2 5 -2)- 


f (2d-l) E e y 





yeAp 



□ 



Theorem 3.5. 



|Op(^)| < 2d(2.g -2) + f A + 0(1/ y/^) 

\<B P (A)\ < (d(2d-l)(2g-2) + (2d-l)f A )^+0(l). 

Proof. This follows from Lemma 13.41 1)3. 4(1 . 13.5JI and the fact that 

E e y = fA p = !a 



yeAp 



□ 



(cf. Remark l3.3|l . 

Remark 3.6. Theorem 13.51 in fact improves not only the trivial estimates on the 
absolute values of 2l p (A) and Q3 P (A) of Remark l3~Tl but also upper bounds obtained 
by means of Deligne's equidistribution theorem (cf. 4, Theoreme 3.5.3] or [HI 
(3.6.3)]). Indeed, from the latter theorem follows the bounds 



£ Tr(F p ,,|^ a (l/2)) 

y£U p (Fp) 



E Tr (^> 

yen, (Fp) 



P,y 



^(1)) 



< dim(F c 1 (Wp x Fp F p , .7^(1/2)))^ 

< 2d(2g-2 + s A )^ 

< dmx(H l c (U 9 x Fp F p ,^ b , p (l)))V9 P " 

< d(2d- l)(2 ff -2 + s A )V9p". 



A fortiori 
(3.6) 
(3.7) 



\%(A)\ < 2d(2g -2 + f A ) + 0(1/ y/^) 
\<& 9 (A)\ < d(2d - l)(2g - 2 + f A )y/%+ 0(1). 
Hence both bounds are improved by Theorem 13. 51 

The geometric bound l|1.3fl involves the degree f A > of the conductor $ A t of A'. 
The bound of Theorem 1 1.31 is obtained in terms of the degree f A of the conductor 
$ A of A. Although we will not need the following inequality in general, only in the 
unramified case, it holds in general. 
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Proposition 3.7. Ja> < f/=GfA- Equality holds if n is unramified. 

Proof. It suffices to prove that for each y' £ C such that ir(y') = y £ C we have the 
inequality e y > < e y . Indeed, 

f A , = £ deg(y')e y , < E ( E /(»'!») I e v de ^ ^ 
v' v \v'\y / 

where f(y'\y) denotes the inertia degree of y' over y. 

Let n > 1 be an integer invertible in the local ring O y of y. The base change 
morphism N(A x K K y ) Xs pe c(o y ) Spec(0,/) — > AT (A' Xif/ A"^,) induces an injec- 
tive (homo)morphism at the level of torsion subgroups N(A Xj( K y ) tm Xg pec (g) ) 
Spec(Oy') — + N(A' Xk> K y ,) tor , regarding them as products of group schemes of 
type (p, ■■■ ,p). In particular, this map is also injective when restricted to n- 
torsion. Hence it induces, at the level of the connected components of the spe- 
cial fibers, an injection Af(A x K K y )° n x Spcc ( Ky ) Spec^/) = (Z/nZ) 2a » +t » ^> 
N{A' x K , K' y ,)° n x Spcc{Kyl) Spec(Ky) S (Z/nZ) 2 V+V, i.e., 2a y +t y < 2a y ,+t y ,. 
This latter inequality is equivalent to e y i < e y . 

If 7r is unramified, then the base change morphism is already an isomorphism (cf. 
[31 Chapter 7, Theorem 1, p. 176]), in particular it also induces an isomorphism at 
the level of the connected component of the special fiber, a fortiori ey = e„. □ 



4. Estimates after base change 

Lemma 4.1. Let p £ S and 7r p : C' p — > C v be the reduction of n modulo p, y' £ 
Cp(Fp) and y = TT p (y') £ C p (¥ p ). Then a p (A' p yl ) = a p (A p , y ) and b p (A' py ,) = 
b p {A p . y ). 

Proof. This is immediate from the fact that A' p ,y> = A PtV , once y and y' are defined 
over Fp . □ 

After adding finitely many prime ideals to S, we may also assume that for every 
p £ S, 7Tp : Cp —> C p is also finite geometric abelian with with geometric automor- 
phism group Q p := Autg (C' p /C p ) isomorphic to Q. Let G p := Autp p (C' p /C p ). 

Let Ti. be a subgroup of G, C" := C /TL the intermediate curve C — * C" — * C 
with Autr(C/C") = 7i and 7r' : C — > C" the first covering. Since £7 is abelian, the 
cover 7r" : C" — * C is also geometrically Galois. Since C/ is finite, there exists a finite 
extension L of fc such that all elements of are defined over L. So Gk acts on 
5 through the finite quotient Gal(L/fc). Hence all the intermediate curves C" are 
defined over L. If Gal(L/k) acts on H, then C" is also defined over k. 

Let D be the reduced ramification divisor of tt : C — > C and -Dp the reduced 
ramification divisor of 7r p : Cp — ► C p . After extending S 1 , if necessary, we may 
assume that D p is the reduction of D modulo p. In particular, 

(4.1) #supp(D p ) = #supp(D) < deg(£>). 

Let 1Z. P := U p D supp(D p ) and V p := U p —1Z P . 

The next proposition is proved exactly as in |25l Proposition 11]. 

Proposition 4.2. Let F p be a generator o/Gal(F p /F p ) and Ti c Q the subgroup 
defined by Ti := {F p (x) o x~ x ; x £ Q}. 
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(1) The group Ti. is defined over F p , hence the curve C' p := C p /H is also defined 
over F p . 

Denote U' p := tt v X (U p ), TZ' p := ^(TZp) and V' p := ^(Vp) = U' p - K' p . 
Denote similarly U p , lZ p and V p with respect to the map Ti p . 

(2) The image of Vp(F p ) in C p (F p ) coincides with the image of Vp(F p ) in 
C P (Fp). ' 

(3) For every y G Vp(F p ) such that y — 7T v (y') with y' £ Vp(F p ) there exist 
exactly #G P points in Vp(F p ) lying over y. 

(4) For every y S C p (F p ) such that y = ir p (y") with y" G Vp (F p ) there exist 
exactly (Q : H) points ofV' p (¥ p ) lying over y. 

Proposition 4.3. (cf. [23 Proposition 12]) 



\%{A')\ < ^(2d(2g' - 2)) + #Gp/, 4 + 0(1/ y/^) 



\"& v (A')]<^q p 



d(2d - l)(2g' - 2) + #G p (2rf - l)f y 



0(1). 



Proof. Let 



€ (A) 



yev p (F p ) 



So, by Weil's theorem and l|4.1ll , 



\m m (A)-% ni ' ur (A)\ 



1 



!/eK p (F p ) 



< -2<y^#supp(£> p ) 
1p 



<2d(l/^) deg(D) = 0(l/^). 



Since %(A) = % m (A) + 0(1/^), we conclude that %(A) = 2lp m,ur (.4) 
0(1/^%). 
Let 



orsm 



(A') := — J2 a p (A^ y ,)^d%^(A'):=- ]T a p (A'p,y>) 



W'6V'(F P ) 



Note that #K' < deg(7r)#^ p < deg(?r) deg(£>). As above, 



|2t; m (^') -ap ur (^')| = - 



- a p( A 'p,y 
< 2d(l/^f p ) deg(£>) deg(Tr) = 0(1/^). 



Since %(A!) = Vl s p m {A')+0{l/ '^), then2t p (^') = 2l s p m ' ur (-40+0(1/,/^). Define 
s p m (A") and 21^ 



similarly % m (A") and % m ' ur (A") 
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As a consequence of Lemma f4. II and Proposition 14 . 21 we obtain 

y'ew p (f p ) 

= # g p a p (Ap.y) = #G P Y a p(A,y) 

ye7r,(V p (F„)) ye7r' p '(v p '(F p )) 

#G p r-s ( All \ _ # G P 



Thus, by Theorem 13. 51 

|a s p m ' u V)l = |2i™(.4")| < (f^) ( 2( W - 2 ) + + o(V>/*) 

< ^2d(2 5 ' - 2) + #G P / A + 0(1/V^, 

where the latter inequality follows from the Riemann-Hurwitz formula applied to 
7r' : C — > C" and and Proposition 13. 71 Note that if 7r is unramified, then the latter 
inequality is actually an equality. Whence the same inequality holds for |2l p (^4')|. 
Let 

®r ur (-A):=7 E MA,,)- 

9p yev p (F p ) 

Similarly Q3 s p m ' ur (.4) = 03 P (.A)+O(l) and <B s p m ' ur (.A') = (#G p /(0 : W))<B s p m ' ur (.4") 



and therefore (again by Theorem 13.5(1 

|»? n ' ur (>t')l = z?%Tl®p m ' ur (^")l 



< j^_^(d(2d - l)(2g" - 2) + (2d - 1)/ A „) + 0(1) 

< v^P - ^ - 2 ) + - !)/>l) + °(!)' 

where again in the latter inequality we used the Riemann-Hurwitz formula and 
Proposition 13. 71 Whence the same inequality holds for |<8 P (.4')|. □ 

Remark 4.4 (Towards Galois covers). The reason why we need to introduce the 
intermediate curve C /TL in order to obtain an estimate for |2l p (.4')|, and so have 
to suppose that the cover C — * C is geometrically abelian instead of geometrically 
Galois, is that there may be points in C' v lying over an F p -rational point of C p which 
are not Fp-rational. This is related to curves which are twistings of C' p over F p . We 
now introduce those curves. 

For each <j € <G p there exists a smooth projective irreducible curve C' p a defined 
over F p whose function field F p (Cp CT ) equals the subfield of F p ™(Cp) which is fixed 
by (jF p , where F pm denotes the extension of F p of degree m. Clearly, Cp.id = C' p . 
We have the well-known Twisting Lemma % 



#Cp(F p ) = -^ J2 * c 'p.M- 



More precisely, for each y E Cp (F p ) we have #G P points in the curves C' p a that 
are rational over F p and lie over y. Indeed, given y' € C p such that y' i— ► y, then 



RANK ABELIAN VARIETIES 



13 



there exists a 6 G p such that F p y' = a 1 y', i.e., y' € Cp CT (Fp). Note that a' € G p 
satisfies {a')~ 1 y l = cr~ 1 y' if and only if a(a')^ 1 lies in the decomposition group of 
y' . Let n y be the number of elements in the orbit of y' with respect to G p . So, 
the number of F p -rational points of the curves C' p a which lie above y is equal to n y 
times #G p /n y , i.e., #G p . 

Each twisting C' p a comes equipped with a Galois cover ir PiCr : C' p a — ► C p defined 
over F p with group G p . Let ^4p CT := A p x Cp C p CT . Let 

2t P ,.(-A') :=j- £ fl P (4,^)- 

We apply Lemma 14.11 to the twistings C' p a of C p and obtain (from the previous 
discussion on the twisting lemma) 

(4.2) J2 %AA') = #G p 2tp(^l). 

Theorem 12.11 implies an upper bound of the rank of A(K)/rB(k) in terms of 
the local data given by the average traces of Frobenii %l p (A) and s B p (A). The 
characteristic p information 2l Pi(T (.4'), if a ^ id, does not come in the expression of 
an upper bound for the rank of A(K' a )/TB(k) in the same way, where K' a — k(C' a ) 
and C' a is a twisting of C defined over k. One reason for this is that as p varies 
so does a. Hence, even under the identification of Q and Q p for p £ S, there is no 
"general" a £ Q that would give a twist C' a of C defined over k that would reduce 
modulo all prime ideals p ^ S to C' p a . If that were true then the inequality 




together with l|4.2[l would give a proof of our result for geometrically Galois covers 
C -» C (cf. §5). 



5. Proof of Theorem 11.31 
Proof. It follows from Theorem 12 . II that 

ran k ( ^^() < rank ( ^^f) + rank(NS(A/Jf)) 



\TB(k) 



,,Aog(q p )\ , r^ ffi . .,,log( 9p ) 



1p 



Note that 

|a;(-4')l < IW)I + K(B)\ < \%(A')\ + 2dim(£?)v^- 
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So, by Proposition 14.31 

(«»-»<*-*>. w-wAUx* 



The third series converges for 5R(s) > 1/2, thus the corresponding residue equals 0. 
The fourth series converges for 5R(s) > 3/2 and can be extended meromorphically 
to the whole plane with just a simple pole at s = 3/2. Hence, the fourth residue 
also equals 0. The last residue is also equal to 0, since the series converges for 
> 1. 

As we have already observed, we have fixed a finite Galois extension L of k 
such that Gk acts on Q via Gal(£/fc). Moreover, for each a in the p-th Frobenius 
conjugacy class (p,L/k), the group G p corresponds bijectively to the elements of 
{x G Q | cr(x) — x}. We denote the cardinality of this set by h°(a,Q). By (|5.1|l 



rank 



( A{K>) 
\rB{k) 



(5.2) 



d(2d- l)(2p'-2) 



E ^.We'^)) 

ial(L/fe) V P *P / / 



y crG Gal 

(2rf-l)/A 



, CT GGal(L/fc) \ p ?P 



log(<7p) 

/2 



where Y^'p denotes the sum over all p ^ S such that a G (p,L/k). It follows from 
Corollary of Theorem 8, §4, Chapter VIII] (cf. also the proof of Proposition 
4]) that all two residues are equal to l/# Gal(L/k). The result now follows from 
[2%1 Lemma 9]. 

The second statement follows from the next remark. □ 



Remark 5.1. In the case A is the Jacobian variety of the generic fiber of a proper 
flat morphism <j) : X — > C of relative dimension 1, where X is a smooth projective 
irreducible surface defined over k, then Conjecture M an (Theorem 12. II) reduces to 
the generalized Nagao conjecture l|2.1|l 6, Remarque 3.4]. Hence we do not need to 
consider the estimates on |Q3 p („4)| and the hypothesis of the irreducibility of pi, is 
no longer necessary. So, (|5.2I) implies (|1.5I) . hence (|1.6I) . 
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6. The rank in special towers 

In this paragraph we apply Theorem 11.31 to the special tower described in the 
Introduction. 

Theorem 6.1 (Serre, [16j . Theoreme 3'). Let C/k be an elliptic curve defined 
over a number field k without complex multiplication. There is an integer I{C, k) 
depending only on C and k so that for every integer n > 1 the image of the Galois 
representation pc. n '■ Gk — > Aut(C[n]) = GL2(Z/nZ) has index at most I(C,k) in 
Aut (C[n]). 

The same proof as in |25l Theorem 16] yields the following result. 

Theorem 6.2. Let C be an elliptic curve without complex multiplication defined 
over a number field k. Suppose that C = C and 7r is the multiplication by n map 
[n] : C — ► C. Let C n := C/[n], K n :— k(C n ) its function field and A n '■= A Xc C n . 
Assume that Tate's conjecture is true for A n /k and the monodromy representations 
p a and pb are irreducible. Then 
(1) For every integer n > 1: 



if d > 2, where d{n) denotes the number of positive divisors of n. If d = 1, 
we may replace 2d by 1. 

(2) The sum 

is bounded as x — > oo. Thus the average rank of A(K n )/TB(k) is smaller 
than a fixed multiple of the logarithmic of the degree f a of the conductor 
3a of A. 

(3) There exists a constant k — n(k,C,A) so that for sufficiently large n we 
have 

rank f < Wl°g(log(/A n )) 

\rB{k)) ~ iA ~ 
In particular, for every e > we have 



where the implied constant depends on k, C, A and e, but not on n. 

We now consider the situation where C has genus at least 2 and C is the pull- 
back of C under the multiplication by n map [n] : Jc —>■ Jc m the Jacobian variety 
of C and 7r is the corresponding unramified geometrically abelian cover 7r : C — * C. 
In this case, Q = Jc[n]. In order to state our result we make a short digression on 
the Mumford-Tate group and the Mumford-Tate conjecture in the case of abelian 
varieties. 

Let X be an abelian variety defined over a number field k of dimension d > 1. 
Let t be a prime number, X[£] the subgroup of £-torsion points of X, Ti(X) the 
^-adic Tate group of X and V t {X) := T t (X) x Ze Q e . Let X v := Pic°(X) be the 
dual abelian variety of X. After eventually extending k and making an isogeny, 
we may assume that we have a degree 1 polarization A : X — > X v . Let n > 1 be 
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an integer, ji(n the group of t n -th. roots of unity in C and := |Jn>i Z^" - ^ nc 
polarization A yields non-degenerate alternating (Weil) pairings X[£] x X[£] — > /if 
and Tf(X) x T t (X) — > The natural action of Gfc on X[£], hence on T^(AT), 

and A induce Galois representations pe : G k — > Aut(AT[^]) = GSp 2d (F£) and pi^ : 
G k - Aut(V e (X)) = GSp 2d (Q/). 

Let Gfc^oo := p e ^(G k ) and G k ,e ■= Pi{G k ). Let 



Po 



:= JJ p^oc : G k Aut(^(X)) £* JJ GSp 2d (Q*). 



Serre proves in |2()l Theoreme 1'], [E] that if A: is large enough, depending on 
X, then Poo(Gfc) is an open subgroup of G k .i<^ . 

Fix an isomorphism V^(Ar) = Q 2rf . Let GL 2d q { be the linear algebraic group 
defined in dimension 2d over (Q^. Denote by G fe £«, the Zariski closure of G ky e<x> on 
GL ^ d g and G_ kiaa its identity component. 

The Mumford-Tate group MT(A) of X is defined as follows. Fix an embedding 
k <^-> C. Let V" := H 1 (X, Q) be the first singular cohomology group of AT with 
rational coefficients. A complex structure on Vr := H 1 {X 1 M) is an R-linear map 
J : ff^AT.R) -> ^(X.M) such that J 2 = -J, where 7 denotes the identity. Let 
5 1 = {zeC||z| = f}. To give J is equivalent to giving a representation of real 
algebraic groups h : S 1 — > GL(Vr) defined by a + ib i— > al + bJ. Fix an isomorphism 
V" = Q 2d . The group MT(AT) is defined as the smallest algebraic subgroup G of 
GL 2rf) Q defined over Q such that /i^ 1 ) C G(M). 

The Mumford-Tate conjecture states that G"^ = MT(X) e := MT(X) x Q Q e . 
R. Pink proved in (151 Theorem 5.4] under the hypothesis that End-^(A') = Z and 
numerical conditions on d — dim(X) that both groups are equal to GSp 2d . Since 
A has a degree 1 polarization A, G k <m is an algebraic subgroup of GSp 2(J . So in 
the latter circumstance G k iaa = G° loo = GSp 2d . Serre had previously proved 
this theorem under the assumptions that End^A") = Z, d is odd or 2 or 6 (201 
Theoreme 3]. For other cases where the Mumford-Tate is known see 

Bogomolov's algebraicity theorem states that Gk,i°° has finite index in the sub- 
group G fe f oo (Qi) of (^-rational points of G k iao 2.2.1]. In particular, if G k = 
G^„ =GSp MiQ£) then 

(a) Gfc is an open subgroup of the subgroup GSp 2d (Q^ ) of (Q^-rational points 
of GSp 2d , Q / 

Furthermore, it is also known that the rank r of G k goa does not depend on I 
2.2.4] and that if r = d+ 1 and End ¥ (X) = Z, then G fe/0 = = G^=c = GSp 2rf EU 
2.2.7] and 

(b) for almost all £, Gk,i coincides with GSp 2 d(^t) El Theoreme 3] which is 
equal to the reduction MT(X)(£) of MT(X) £ modulo £ 

So in the same way as in jlfil Introduction] (a) and (b) imply the following theorem. 

Theorem 6.3. Let X/k be an abelian variety defined over a number field. Suppose 
that Endjr(-X') = Z and r = d + 1, then there exists an integer I(X,k) depending 
only on X and k such that the image of the Galois representation px.n ■ Gfc 
Aut(X[n]) = GSp 2d (Z/?iZ) has index at most I(X,k) in Aut(X[n]). 
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Remark 6.4. As observed by Serre the previous condition on r is satisfied if d is 
odd or 2 or 6 [HI 2.2.8]. 

Theorem 6.5. Let C n := C be the pull-back of C under the multiplication by n 
map [n] : Jc — > Jc * n the Jacobian variety of C and tt the corresponding unramified 
geometrically abelian cover tt : C — > C. Let K n :— k{C n ) be the function field of 
C n , A n := A C n , A n /K n the generic fiber of An — > C n , g, resp. g n , the genus 
of C, resp. C n - Let G k ^ be the Zariski closure of the image of pe°° : Gk — > 
Aut(Vf (Jc)) — GSp 2g (Q^). Assume that Tate's conjecture is true for A n /k, the 
monodromy representations p a and pb are irreducible, End-^( Jc) = Z and the rank 
r of G k goo is equal to g + 1 . Then 

(1) For every n > 1 we have 

A (k n ) \ / Tl j ,,d(n) 



TB(k) 



rank (r^7rf ) <I(Jc,k)^-(d(2d+l)(2g n -2)+2df An ). 



If d = 1, we may replace d(2d + 1) by 2d in the first sumand of the latter 
expression and 2d by 1 in the second summand. 
(2) The sum 



x 5 



1 ,J MKn) \ 



is bounded as x — > oo. Thus the average rank of A(K n )/TB(k) is smaller 
than a fixed multiple of the logarithm of the degree j 'a of the conductor $a 
of A. 

(3) There exists a constant k = n(k, Jc, A) so that for sufficiently large n we 
have 

In particular, for every e > we have 

(A{K n ) 



rank \jm 1 <K 1 



'A- 



where the implied constant depends only on k, Jc, A and e, but not on n. 
Proof. By Theorem 16.31 and .25;, Lemma 10] 

#^ Gfe (Jc[n])</(Jc,fe)#£)Aut(j c N)(Jc[n]) 

The same proof as in [251 Proposition 15] replacing the statement that every non 
zero vector in a finite dimensional vector space can be extended to a basis of the 
vector space by Witt's theorem ^3 Chapter XIV, Theorem 2, p. 360] shows that 
the number of orbits of the action of GSp 2g (Z/nZ) in (Z/nZ) 2s is also equal to 
d(n). Hence, by (|6.2|1 . 

(6.3) #D Gk (J c [n})<I(J c ,k)d(n). 

Item (1) now follows from Theorem II .31 and l|6.3() . 

Notice that it follows from [I] Theorem 3.3] that 

^2 d ( n ) ~ xlog(x). 

71 < X 
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Therefore, 

M) - E m 

^2<^ l0 g( n ) 

is bounded for every x > 2. Moreover, by Proposition 13.71 /A n = n 2g f A , and by 
the Riemann-Hurwitz formula, since 7r is unramified, 2g n - 2 = n 29 (2.g - 2). Thus, 

by (i), 

rank ( A ^ f ?} ) < I(J C ,k)d(n)(d(2d + l)(2.g - 2) + 2df A ) 



\rB(k) 

and item (2) follows from l|6.4ll . 
By P Theorem 13.12] 

(6.5) limsup - i^L =log(2). 

„^oo log(n)/loglog(n) 

In particular, by (1), there exist absolute constants ci, C2, C3, C4 such that 

rank (^fy) < ciJ( J c , k)(d(2d + l)(2g - 2) + 2# A )W lo ^{n) 

< c 3 I(J c ,k)(d(2d + l)(2g - 2) + 2df A )f c A f osloeifA "\ 
which proves item (3). □ 
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